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0. INTR~D~CT~~N 
The purpose of this note is to show that any finite set A of rational 
numbers can be partitional A =A + VA - such that for every k = I,..., 
card(A) - 2, the sum of all k-products of elements in A ’ and in A - are 
equal if certain repetitions are allowed. Interpretations in terms of boxes and 
balls, polynomials of one variable, and sets and functions are given. 
1. STATEMENT OF THE RESULTS 
Let A be a finite set of real numbers, 
A = {a, ,..., a,,}, n>2 
and 
b,= [n (ui-uj)Jw’, i= l,..., n, 
i#i 
then the coefficients of x0, x’, x2,..., x”-* in the two Taylor series, 
fl+ (1 + aix)c’ and n- (1 + aix)‘i, 
are the same, where n ’ (resp. n -) denotes the product over the i’s for 
which bi > 0 (bi < 0) and ci = 1 rbi( for some fixed r E R. 
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ProoJ Let 
and hence, 
b, 
and b= 
I:] 
. 3 
bn 
then it is easy to show that b is the last column of V- ‘, so it follows that 
5 afbi = 0 for k=O,l,..., n-2, 
i=l 
C + afci = C - a+,, 
for k = 0, l,..., n - 2, where 2’ (resp. C-) denotes the sum over the i’s for 
which bi > 0 (resp. bi < 0). The Taylor expansions of 
n + (1 + qx)‘i = exp 
( 
C + ci ln( 1 + qx) 
1 
and 
n-(1 +UiX)ci=exp C-Ciln(l +aix) 
( 1 
are convergent near x = 0, and comparing their coefficients using (1) one 
obtains the desired conclusion. ’ 
In the special case that A consists of rational numbersand I is such that 
each ci is an integer, then the above result can be expressed in terms of a 
formula, 
x A’(t ,,...,tm)a:l a.. a>=CA-(t,, ,,..., t,)a$,t; . . . a?, (2) 
for each k = l,..., n - 2, where 
and the sum on the left-hand side of (2) is taken over all m-tuples (t,,..., t,) 
which satisfy 0 < ti < ci, i = l,..., m, and Cy=i ti = k. Similarly, the sum on 
’ This line of argument was suggested by the referee. 
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the right is taken on all (n - m)-tuples (t,+, ,..., f,J such that 0 < tj < cj, j = 
m + l,..., n, and CJ=,,+ i tj = k. 
This formula can also be proven using an argument of complex analysis; 
consider the rational function, 
f(z) = rI ; (2 - dCi ; 
n (z - ai)ci 
then the only candidates for its ramification points are a,, a,,..., a, and co 
(see, e.g., [2]) and the result follows from the formula of Riemann 
[ 1, p. 1641. 
2. INTERPRETATIONS OF THE RESULT 
(a) In Terms of Balls and Boxes 
Let A = {a,,..., a,) be a subset of the rational numbers n > 2. If we 
consider two boxes: 
(i) with C’ ci distinct balls and for each i, ci of them with the 
number ai inscribed: 
(ii) with C- cj distinct balls and for each j, cj of them with uj 
inscribed; 
then for each k= 1, 2,..., n - 2 the sums of (the numbers inscribed on) the 
balls in each box are equal. 
(b) In Terms of Polynomials 
Given the set A, there exist two manic relatively prime poIYmnid% 
p(z)=zN+pN-,P' + .** +p*z+-Po, 
q(z)=zN+qN-'ZN-'+"'+q,Z+qO, 
which satisfy: 
(i) {a:q(a)=O orp(a)=O}=A. 
(ii) pNpj = qNmj for j = l,..., n - 2. 
ciii) PN-(n-1) + qN-(n-1). 
The polynomials can be taken 
p(z) = fl+ (z - ai)‘i and q(z) = n - (z - Ui)% 
We observe that in the case that not all a, are rational, usually it is 
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impossible to construct the polynomials with the given properties. It is easy 
to see that such a situation arises if, for example, A = {0, 1, fl}. 
(c) In Terms of Functions and Sets 
Given the set A, by relabeling if necessary, we can suppose that A + = 
Ia i ,..., a,} and consider the ordered sets (as indicated), 
Bt = {a,,,..., a,,,,..., a,,,...,a,,,J, 
B- = {a,,,,,,..., a,, I,c,+,,-~ a,,,..., ant,}, 
then for each fixed k, k = l,..., n - 2, we have 
c f(g(l)) ..,f(g(k)) = c .0(l)) . ..f(g(k)). 
@L:(P) gsL;(P) 
Wheref: B+ U B- * R, f(aij) = ai and L:(p) and L;(p) are the sets of 
order-preserving injective maps from 11, kl = {l,..., k} into Bt and B-, 
respectively. 
Moreover, it is not hard to prove the following, slightly more general, 
formula. 
c SW>> ..-fMk)) = c f(g(l)) -..f(g(k)) for k = I,..., n - 2. 
8SLk+ b-Lk 
Here f: B + R, B is a set with large enough cardinality (which can be taken 
finite if it is convenient), partitioned in n + 1 subsets B, ,..., B,, , such that 
card(B,) = ci, for i = l,..., n and B,, i = B - (Jy= i Bi. And f satisfies 
f(Bi) = ai for i = l,..., n and f(B”+ ,) = 0. Then Ll and Lk are the sets of 
injective functions of ) 1, kl into (Jy! i Bi and (J;=,,+ , B,, respectively. 
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